Bounded approximation and Dirichlet sets  by Davie, Alexander M
JOURNAL OF FUNCTIONAL ANALYSIS 6,460-467 (1970) 
Bounded Approximation and Dirichlet Sets 
ALEXANDER M. DAVIE* 
Department of Mathematics, University of Dundee, Dundee, Scotland 
Communicated by John Wermer 
Received April 29, 1969 
Let U be a bounded open subset of the complex plane C; let 
H”(U) denote the algebra of all bounded analytic functions on U, 
and let A(U) be the algebra of all continuous complex-valued func- 
tions on U which are analytic on U. In [l] Gamelin and Garnett used 
the constructive techniques of Vitushkin to obtain conditions under 
which every function in H”(U) is the pointwise limit in U of a bound- 
ed sequence in A(U). They conjectured that when this is the case the 
bound on the approximating sequence can be taken to be the (supre- 
mum) norm of the given function. We show here that this is true, 
using functional analytic methods based on those of Ahern and 
Sarason ([2], Appendix) and Gamelin [3]. As indicated in [I] this 
enables the conditions in [l] to be weakened. 
In Section 2 we use the methods of bounded approximation to 
prove another conjecture of [I], that the union of two Dirichlet sets is 
Dirichlet. 
1. BOUNDED APPROXIMATION 
Let U, A(U) b e as defined above. For x E U let h, denote the 
harmonic measure for x w.r.t. U on bU (b denotes topological bound- 
ary). See [4], Ch. 8 for properties of harmonic measures. Let 
u, 7 u, >“. be the components of U, and choose a point xi E Vi for 
i = 1, 2,... . Let X = C 2-Qai . Then h is a positive measure on bU 
and h, <X, t/z E U. If p is a positive measure on bU with X < t.~, 
then for any f eLm(p) we define the harmonic extension f on U by 
3c4 = Sf 4 . 
By the maximum principle, A(U) can ‘be identified isometrically 
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with its restriction to b U. We denote by A( U)l the space of measures 
(i.e. complex Bore1 measures) p on bU such that Jf dp = 0, Vf E A(U). 
If p is any positive measure on bU we denote by W’(p) the weak-star 
closure of A(U) in Loo(p). 
1.1. LEMMA. C(bU) is the uniformly-closed linear span of A(U) 
and the functions x -+ (x - z,,)-~, z0 E U. 
Proof. Suppose p is a measure on bU orthogonal to the latter 
space. Put 
jq.4 = j (z - 4-l 444, for ZEC 
such that 
p is defined a.e. w.r.t. plane Lebesgue measure. By hypothesis 
~(2) = 0, x E U; since (z - eu)-l E A(U) as a function of w  for 
XEC- U, j&$=0, aEC-bU. 
Suppose p # 0 on a set P of positive measure. Since the set of 
points of bU which are not peak points for A(U) has measure 0 
([6], Ch. 3, Sec. 6, Th. 2 and the remark preceding it), we can find a 
peak point x E P. Let c = J (x - w)-’ dp(w), and put p = y/c(z - w). 
If f E A(U) and f (z) = 0, then by [S] Th. 2.7, 3{ f,) E A(U) such that 
f&4 (z - w> -+f ( ) w uniformly on U. Then fn(w) --+f (w)/(z - w) 
dominatedly w.r.t. p since J 1 dp ]/I z - w j < co. 
so 
jf(zu) dp(w) = c-l lim jf%(zu) &(w) = 0 
since p E A(K)-L. Further J dp = 1, so Jf dp = f (z), Vf E A(U). But 
since J d / ~.~(w)l/l z - w  / < co, p has no point mass at x, which 
contradicts the assumption that z is a peak point. So p = 0 a.e., and 
p = 0, by [8] Lemma 5. 
Note. An alternative way to show that the set of nonpeak points 
has measure zero is to use the proof of the above quoted theorem 
of [6] to show that any compact subset of bU with positive measure 
contains a peak set and apply the fact that for any uniform algebra a 
peak set contains a peak point. 
1.2. LEMMA (Essentially due to Gamelin [3], Ch. 8, 11.1). Let 
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p E A( U)l and let p = X + j p / . Let f E Hm(p) be such that 3 = 0. 
Then f = 0. 
Proof. Letf, be a net in A(U) converging weak-star to f in L”(p). 
Then for z,, E U, f&z,,) =fa(zO) +j(z,) = 0. Then 
weak-star in L’%L). 
Sof/(x - za) E H”(p), Vx, E U. Since also A( U)f E H”(p), we deduce 
using Lemma 1.1 that C(bU) f C P(p). HenceLa(p)fZ H”(p). Now 
suppose f # 0. Then 3~ > 0 such that the set T = (1 f / > E} has 
positive p-measure. Then any function in La(p), vanishing outside T, 
is in H”(p). But any real-valued function g in Ha(p) satisfies 
s 
[g - g(xi)]2 dh, = 0, i.e. g = g(zi) a.e. w  
Hence we must have h,(T) = 0. Finally, if 1 p 1 (T) > 0 we can find g 
in Lm(p), zero outside T, with jg dp > 0, which contradicts 
P off%+ So IP I CT) = 0, and p(T) = 0, a contradiction. 
We say that A(U) is (strongly) pointwise boundedly dense 
((s.) p.b.d.) in H”(U), f f i or all g E H”(U), 3 a bounded sequence (g,) 
in A(U), (with 1) g, llco < /I g ljn) such that gn -+ g pointwise in U. 
1.3. THEOREM. Suppose A(U) is p.b.d. in H”(U): Then (a) If p 
is a positive measure on bU with p = X + j p 1, p E A( U)L, then f -+f 
defines an isometric (algebra) isomorphism of H”(p) onto H”(U). 
(b) A(U) is s.p.b.d. in H(U). 
Proof. (a) Just as in the proof of [3] Ch. 8, 11.1 with paragraph 3 
of that proof replaced by Lemma 1.2. 
(b) Let f G H”(U), 11 f /Im < 1. By (a), 3g E H”(X) with g” = f. We 
claim that g is in the L2(h) closure of Ball [A(U)]. To prove this, let 
F E L2(X) satisfy j J Fh dh / < 1, h E Ball (A(U)); we require 
1 JgF dh / < 1. The functional h -+ J Fh dh on A(U) can be extended 
to a functional on C(b U) of norm 1, represented by a measure v say, 
~]v\J<l.Put~=X+/FA-VI. 
Since FX - v E A(U (a) applies to p : 3g, E H”(p) with gl = f; 
by (a) g, = g a.e. (A). Hence 
II g1 II = II il II d 1. 
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So g is in the L2(X) c osure 1 of Ball A(U). Thus 3{g,} in Ball A(U) with 
g,-+ginL2(X),sog,+g”=fin U. 
We now indicate how this result enables the hypotheses in Theo- 
ren 2.2 of [l] to be weakened. 
The analytic capacity y(E) of the plane set E is defined by 
y(E) = sup{lf’( co)1 : f is defined and analytic outside a compact 
subset of E, bounded in modulus by 1, and f (co) = O}. The continu- 
ous analytic capacity a(E) is defined by a(E) = sup(lf’(co)l : f is 
continuous on S2, analytic outside a compact subset of E, bounded in 
modulus by 1, and f (co) = 01. 
We denote by d(x, 6) the open disc of centre x and radius 8. 
1.4. LEMMA. Let z0 E bU and suppose that 3r > 0, C > 0 such 
that for all 8 > 0 and x E bU satisfying z,, $ B(x, 23, we have 
y(d(.z, S) n bU) < C+l(z, rS) - U). 
Then A(U) is p.b.d. in H”(U). 
Proof. Trivial modification of that of [1], Th. 2.2. 
1.5. THEOREM. Suppose there is a countable subset G of bU such 
thatforxEbU--G,3r>O, C>OsuchthatforallS>O, 
@(z, 6) n bU) ,( C+l(x, ~8) - u> ..* (*). 
Then A(U) is s.p.b.d. in H”(U). 
Proof. Let G = {x1 , z2 ,... }. Suppose A(U) is not s.p.b.d. in 
H”(U); then by Theorem 1.3 it is not p.b.d. in H”(U). For any 
r>2, C>O, byLemma 1.43zEbU, 8>Osuchthat 
y(Ll(z, S) n bU) > CcY(d(x, PS) - U) and z, $ +, 3). 
Let A, = d(x, 26). Then if A(d, n U) is s.p.b.d. in H”(d, n U), by 
[I], Lemma 2.1, 
y(d(z, S) n bU) < Ma(d(z, 2s) - U), 
where M is an absolute constant. Hence if we choose C > M this is 
impossible, and A@, n U) cannot be p.b.d. in H”(d, A U). We can 
repeat this argument with d, n U in place of U, x2 in place of x1 , and 
as in [6], Ch. 5, Sec. 3, Lemma 1, construct a sequence of concentric 
discs which contradict (*). 
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1.6. COROLLARY. IfK is a compact subset of C whose inner boundary 
I is countable (I is the set of those boundary points of K which are not 
boundary points of any component of C - K), then R(K) (the uniform 
closure on K of the rational functions with poles outside K) is s.p.b.d. 
in II”( 
Proof. (*) is satisfied at each point of bK - I, so by Theorem 1.5 
(with U = K”) A(K”) is s.p.b.d. in H”(KO). Any continuous extension 
of a function in A(K”) to K is in A(K), and A(K) = R(K) ([6], 
Ch. 4, 4.1). So R(K) is s.p.b.d. in H”(KO). 
Note. The methods of this section work equally well when U is an 
open subset of the extended complex plane. 
2. DIRICHLET SETS 
Let K be a compact connected subset of the extended complex 
plane S2. Following [I] we denote by B, the Banach algebra of all 
continuous complex-valued functions on S2 which are analytic 
outside K. K is said to be Dirichlet if B, is a Dirichlet algebra on K 
(i.e. Re B, , the space of real parts of functions in B, , is uniformly 
dense in the space of real continuous functions on K). In [l] it was 
conjectured that the union of two non-intersecting Dirichlet sets is 
Dirichlet. We prove this by obtaining a characterization of Dirichlet 
sets (Theorem 2.2). 
We require some facts from the general theory of Dirichlet algebras. 
Let A be a Dirichlet algebra on a compact Hausdorff space X, with 
maximal ideal space M, . Let PC MA be a Gleason part containing 
more than one point; let y E P and let m, be its representing measure 
on X (m, is unique). If $J E P, then m, , m6 are mutually absolutely 
continuous. 32 E H”(m,) (the L”(m,) weak-star closure of A) such 
that the function 2, defined by 2(#) = J 2 dm, , $ E P, maps P(l - 1) 
onto the open unit disc d = {zz : / x 1 < l}. Further ( 2 / = 1. The 
inverse map 2-l is continuous (with the topology on P induced by 
that of M) and fo 2-i is analytic, for all f in H”(m,). Further every 
bounded analytic f on P is of the form2 0 z-l, g E H”(m,), Ilg /jm < I( f llm. 
(This last fact follows from the preceding by expressing f as a limit 
of polynomials.) For a discussion see e.g. [9], Section 7. These results 
are a special case of the deeper theory of Gamelin [lo]. 
In our situation (assuming K is a Dirichlet set), the maximal ideal 
space of B, is S (see [5]), each component of S2 - K is contained 
in a part, and each point of K is a one-point part. So the parts are just 
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the components of S - K, and the corresponding functions 2 map 
the parts conformally onto d. For z E S2 - K, the unique representing 
measure is harmonic measure A, w.r.t. S’s - K (note that since K is 
connected, S2 - K is regular for the Dirichlet problem; see [ll], 
Ch. 2, 1 IH). Let U, , U, ,... be the components of S2 - K, and 
choose a point zi E Ui for each i. Let X = C 2%& , hi = hzi . 
2.1. LEMMA. If K is Dirichlet, B, is p.b.d. in H”(S2 - K). 
Proof. Let f E H”(S2 - K); we assume ]lfi]oo < 1. By the above 
discussion for each i Elfi E H”(h,) with llfi // < 1 andf(z) = Jfi dh, , 
x E U, . By [2], Th eorem 3 (abstract version) 3 a sequence {g,} in 
BK, l/g, (jm < 1 such that g, -+fi a.e. (Ai), Vi. Then for x E Ui , 
&a(4 = j gn 4 - jfi dh, =f(x). 
So g, +f pointwise in U. 
2.2. LEMMA. Suppose g E LRw(X) (The real-valued functions in 
L”(h)) and g” 2 0 in S2 - K. Then g > 0. 
Proof. If f is any function on K, let 
V, = {u : v is superharmonic on Sz - K, lim inf 
ZW,Z&--K 
v(z) >f(w), VW E bK}. 
Then g” = inf{v : v E V,>. (See [4], Ch. 8, the results of which apply 
to the present situation, since bK is regular-in fact they apply 
whenever bK has positive logarithmic capacity.) 
So for v E V, , v>,g”>,OinP--K.Hence Vg=Vg+,andso 
f = f+, i.e. g’- = 0. S ince g- > 0, this implies g- = 0, so g = gf > 0. 
(The author is indebted to Dr. U. Kuran for this proof.) 
2.3. THEOREM. If K is a compact connected subset of S2, B, is 
.Dirichlet if and only if the following two conditions hold: 
(a) B, is p.b.d. in H”(S2 - K). 
(b) Every real measure in BKl is < A. 
Proof. If K is Dirichlet, (a) holds by Lemma 2.1 and (b) is trivial. 
Conversely, suppose (a) and (b) hold. Let p be a real measure in 
BK-L. By (b), p <A, so it suffices to prove that Re B, is weak-star 
dense in LRm(X). So letf EL,“(h); we assume I( f Ilg) < 1. Jis a bounded 
harmonic function in S2 - K. Since K is connected, for each i, Ui 
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is simply connected and so we can find a sequence {g~‘>~=, in H”(UJ 
such that Re gif’ -9 pointwise in Ui, and that 11 Re gy’ Ilao < 1. 
We may also assume I( gz) (lrn < n; then we may define f, E H”(S2 - K) 
by f, = g:’ in Ui . Then Refn - +f pointwise in U. As in the first 
pa2 of the proof of [3] Ch.-8, 11 .l, 3g, E H”(h) with gn = f, . Then 
Reg, = Re f, and so (1 Rep, /lrn < 1. By Lemma 2.2 (1 Reg, jjrn < 1. 
Hence some subsequence of (Reg,} converges weak-star in L”(X), 
to g say. Then 
g = lim Rygn = lim Ref, = p in U, 
so by Lemma 2.2 again g = f. Thus f is in the L”(X) weak-star closure 
of Re H”(X), hence of Re B, , as required. 
2.4. LEMMA. If K is a compact connected subset of C, the following 
two conditions are equivalent : 
(a) B, is p.b.d. in H”(S2 - K). 
(b) 32 > 0 such that a(il(x, 8) n K) > C6, for all su.cientZy small 
6, z E K. 
Proof. Since K is connected, r(d(~:, 6) n K) >, t 6 whenever 
z E K, and 6 < diam(K). Hence the result follows from [l], Theo- 
rem 2.2. 
2.5. THEOREM. If KI and K2 are Dirichlets sets and KI n K, is 
non-empty, then K = KI v K, is Dirichlet. 
Proof. The result is trivial if K = S2. Otherwise we may suppose, 
using a conformal transformation of S2, that KC C. K is clearly 
connected. K, and Ks both satisfy 2.4(b), by Lemmas 2.1 and 2.4. 
It follows that K also satisfies 2.4(b), hence 2.4(a) which is 2.3(a). 
It remains to verify 2.3(b). 
This is virtually a repetition of [7] Proposition 3.11, Paragraphs 
5-8, with a, and 8, replaced by KI and K2 . In fact if u E (Re BK)l, 
since K, and K2 are Dirichlet the result of sweeping (T onto either Kr 
or K, is zero. The only difference is that KI - K2 need not be con- 
tained in a single component of S2 - K, , but the proof goes through 
by considering each component of S2 - K, on which u has non-zero 
mass and noting that u [ K, is carried on the union of the boundaries 
of these components. 
Note added 10th September 1969. T. W. Gamelin and J. Gamett have shown that 
condition (b) in Theorem 2.3 is a consequence of (a), and hence redundant. 
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